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My research is broadly driven by questions related to understanding emergent or latent properties of complex systems and data sets. Such questions and techniques that I develop to address them span across the fields of probability,
combinatorics, dynamical systems, optimization, and machine learning.
1. O NLINE DICTIONARY LEARNING + MCMC SAMPLING + N ETWORKS
1.1. Motivation. In modern data analysis, a central step is to find a low-dimensional representation to better understand, compress, or convey the key phenomena captured in the data. Dictionary-learning (DL) algorithms are machine learning techniques that learn interpretable latent structures of complex data sets and are applied regularly in
text and image data analysis [EA06, MES07, Pey09]. A primary tool for DL is nonnegative matrix factorization (NMF),
which is a nonconvex optimization problem to approximately factorize a data matrix into the product of two nonnegative matrices [LS99], which have a wide range of applications in text analysis for topic modeling, image reconstruction,
bioinformatics for protein-protein interaction network, and so on. [SGH02, BB05, BBL+ 07, CWS+ 11, TN12, BMB+ 15,
RPZ+ 18]. In order to handle large data (e.g., large fMRI images) with high speed and low memory consumption, a
number of online matrix factorization (OMF) algorithms [MBPS10, GTLY12, Mai13, MMTV17] have been developed,
which independently samples a small portion of it from the target distribution (e.g., uniform) and progressively learn
a desired factorization instead of accessing full data at once.
Meanwhile, Markov chain Monte Carlo (MCMC) methods has met with a great success as one of the most versatile sampling techniques across many disciplines such as Bayesian inference and machine learning [ADFDJ03], where
direct sampling from the target distribution is often computationally intractable. The idea of MCMC algorithm is to
design a Markov chain exploring the sample space only using local information and converging to the target distribution. Naturally MCMC algorithms output dependent samples, so classical OMF algorithms for i.i.d. data samples are
not directly applicable to MCMC data sequences.
Modern data are not only large in their size, but they may also have intricate structure. A prime example is in the
form of networks, which are formal representation of the architecture of interactions between entities in many complex systems in the physical, biological, and social sciences. As most real-world networks are sparse, independently
choosing a set of k nodes from a network does not return any meaningful information with high probability. Moreover, a naive use of random walk sampling may result in emphasizing nodes with large degree, which could result in
undesirable biases in learning results (see, e.g., [BCZ+ 16, ASS+ 19] for issues on algorithmic fairness). Therefore, in
order to learn efficiently and correctly from large and structured data, we need to develop a comprehensive theory for
simultaneous MCMC sampling and matrix factorization.
1.2. Online Matrix/Tensor factorization for Markovian data. In [LNB20], we propose a framework for online matrix
factorization for dependent data samples generated as a function of some underlying Markov chain, and prove an
almost sure convergence of the online algorithm directly against the dependence in data samples. Our result opens
up a wide variety of applications by combining classical OMF algorithms with MCMC sampling in diverse domains
(see Subsection 1.3 for an example in network learning). To my best knowledge, this is the first time that consistency of any online dictionary learning algorithm has been established beyond independently sampled data streams.
A practical implication of our result is that one can now
extract features more efficiently from the same dependent data streams, as there is no need to subsample
the data sequence to approximately satisfy the independence assumption (see Figure 1). The main theoretical
bottleneck is the fact that the distribution of new data
conditional on the present could be drastically different
Figure 1. Plot of loss vs. MCMC iterations (unit 104 ) for subsampling
from the desired stationary distribution, which makes
epochs of 1000, 10000, 100000, and 500000 for the Ising model at temit impossible to use the theory of quasi-martingale and peratures T = 0.5 (left), T = 2.26 (middle), and T = 5 (right), respectively.
empirical processes. Our main innovation is to condi- Less frequent subsampling of MCMC trajectory results in more efficient
tion the next data not on the present but on a distant dictionary learning.
past and let the Markov chain mix to the stationary distribution during the unconditioned period. This allows us
to control the difference between the new and the average losses by concentration of Markov chains.
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In the setting of multi-modal data, tensor factorization algorithms (e.g., CP-decomposition) plays a similar role as matrix factorization algorithms that provides
the functionality of dimension reduction and dictionary
learning simultaneously for each mode and are receiving
great attention from the community [KB09]. In [SLN20],
we develop the first online nonnegative tensor factorizaFigure 2. Learning 20 CP-dictionary patches from video frames on brain
tion (NTF) algorithm that is guaranteed to converge un- activity across the mouse cortex. Our algorithm learns 20 spatial coder the similar Markovian setting, whereas convergence activation patterns of the neurons in the mice cortex (left and middle),
guarantee has not been available even under the i.i.d. as- and simultaneously learned are their temporal activation patterns (right)
sumption [ZEB18, ZVB+ 16, DZLZ18]. Being able to online-decompose multi-modal data invites a wide range of applications (see Figure 2).
In response to the utmost challenge in the scientific community against the COVID-19 pandemic in 2020, I have
(𝑑)
(𝑎)
(𝑏)
also developed novel methods for learning and predicting COVID-19
related data
based on(𝑐)my earlier works
on online
+
NMF and NTF algorithms, including joint time-series data [LSMN20] and dynamic tweeter data [KKL 20].
Currently, I am developing a unifying framework of Alternating Stochastic Majorization-Minimization, which generalizes my works on online NMF/NTF algorithms to the more general setting of optimization problems for dependent
and multi-modal data. This framework also extends classical theories of stochastic optimization algorithms including convex optimization, proximal gradient, and expectation-maximization to the dependent data setting, yielding
optimal convergence rates for convex problems as long as correlation in the data streams decays as fast as the clasp
sical convergence rate of O(1/ n). A key finding is that online learning algorithms in this class are robust against
dependence in data sequence.
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1.3. Network Dictionary Learning. When analyzing texts documents, one can learn individual characters and symbols (microscale structures) or their total counts in the document (macroscale structures), but may still not have
learned how words come together to form sentences or paragraphs. Analogously for networks, one may learn their
microscale structures (e.g., nodes and edges) or macroscale
UCLA Facebook Network
CALTECH Facebook Network
structures (e.g., degree distribution), but still lack insight CYCLE by M.C. Escher
on their mesoscale structures, such as community or
core–periphery structures [POM09, RPFM17]. Recently,
the importance of understanding such mesoscale structures of networks has been widely recognized [OFR+ 12,
KSBB18]. At the same time, we are facing an enormous
amount of large network data due to the explosion in our
ability to measure, process, and store network data in
c
b
a Image Dictionary
Network Dictionary
Network Dictionary
various domains. Hence, it would be an important and Figure 3. (a) 25 latent shapes learned from an image by NMF. (b,c) 25
timely contribution to develop an algorithmic tool that latent motifs for k = 21-node connected subgraphs learned from UCLA
‘compresses’ a large network into a set of its mesoscale and Caltech. The learned latent motifs reveal that in UCLA, two distant
structures so that we obtain network data compression friends tend to have a unique path of friendships, but in Caltech, there
are multiple paths of friendships interconnecting two distant friends.
and interpretible mesoscale structures simultaneously.
In [LKVP20], we develop a systematic approach of
Network
Network data
Network Dictionary Learning for learning ‘latent motifs’
Dictionary
reconstruction
Learning
that reveals how a network ‘looks’ at mesoscale. Our
method is based on sampling a large number of k-node
Interpretable parts
(Dictionary)
connected subgraphs of a network using the MCMC mo(Low-rank basis)
tif sampling algorithms that I developed in [LMS19] and
Online Matrix Factorization
MCMC Motif sampling
then applying online NMF algorithm in [LNB20] to find Figure 4. Performance of five algorithms on edge
for Markovian
datatasks on three
inference
an approximate basis for the sampled subgraphs. The real-world networks measured by area-under-the-curve (AUC) scores asDictionary
𝐷𝑎𝑡𝑎 (ROC) curves.
use of MCMC motif sampling algorithm is crucial here sociated with receiver operating characteristic
Sample
in order to sample a sequence of k neighboring nodes from the uniform (unbiased) distribution. The basis elements
𝐷𝑎𝑡𝑎
Dictionary
form k-node networks, which we call latent motifs of the network. In analogy with+ text data, they play the role of
Motif
elementary ‘words’ that compose ‘sentences’ of k-node connected subgraphs
of the network.𝐷𝑎𝑡𝑎
From theDictionary
learned latent
motifs, one can directly infer the mesoscale structure of the original
network
(see
Figure
3).
Using
our
method, we
Network
⋮
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find that various real-world networks such as Facebook friendship networks, Coronavirus and Homo sapiens proteinprotein interaction (PPI) networks, and an arXiv collaboration network possess a few latent motifs that together can
well-approximate most subnetworks at a fixed mesoscale.
The ability to encode a network using a set of latent motifs opens up a wide variety of network-analysis tasks, such
as network comparison, denoising, and edge inference. As a key application of our method, we perform network
denoising tasks by using only the latent motifs that one learns directly from the corrupted networks. Our network denoising method achieves state-of-the-art performance for the edge inference tasks , even compared to other popular
supervised Graph Neural Network algorithms such as node2vec [GL16] and DeepWalk [PARS14] (see Figure 4). Such
a high performance is partly due to the apparent robustness of latent motifs against random noise. Moreover, our
network denoising approach is novel because it does not require any negative examples (unsupervised), which might
not be available in practice, making our method more applicable to practical network denoising tasks. We also provide
rigorous convergence analysis and theoretical error bounds of our proposed algorithms.
I am currently developing extensions of this line of research to temporal networks by combining with my recent
work in online NTF [SLN20] and also to labeled networks using a work in process on online semi-supervised NMF.
2. C OMBINATORIAL AND PROBABILISTIC APPROACHES TO OSCILLATOR AND CLOCK SYNCHRONIZATION
(NSF AWARD : DMS-2010035)
If a group of people is given local clocks with arbitrarily set times, and there is no global reference (for example
GPS), is it possible for the group to synchronize all clocks by only communicating with nearby members? In order for a distributed system to be able to perform high-level tasks that may go beyond the capability of an individual agent, the system must first solve a "clock synchronization" problem to establish a shared notion of time. The
study of clock synchronization (or coupled oscillators) has been an important subject of research in mathematics
and various areas of science for decades [Str00], with fruitful applications in many areas including wildfire monitoring, electric power networks, robotic vehicle networks, large-scale information fusion, and wireless sensor networks
[DB12, NL07, PS11]. However, there has been a gap between our theoretical understanding of systems of coupled
1
oscillators and practical requirements for clock synchronization algorithms in modern application contexts
such as robustness in arbitrary perturbation, bounded
memory consumption, and energy efficiency in communication [MS90, KB12, WND13].
0
One of the key difficulties in guaranteeing robust Figure 5. Illustration of clock synchronization by the adaptive 4synchronization under arbitrary perturbation lies in the coupling. The underlying graph is a spanning tree of the 150 × 150 square
cyclic hierarchy in the phase space. A widely used obser- grid. Oscillators on the nodes of the spanning tree interact according to
vation in the literature is that, if all initial phases are con- the ‘adaptive’ version of the inhibitory pulse-coupling in [Lyu17]. Phase
of each node is indicated by a warm color between black and white.
centrated in an open half-circle, such a cyclic hierarchy
disappears and we have robust synchronization results in various settings. This principle has been used pervasively
in the literature of clock synchronization [NF11, KKBT12, PC15, NWD15] and also in multi-agent consensus problems
[Mor05, PJM10, Cha11]. In a series of solo papers [Lyu15, Lyu16, Lyu17], I have developed a systematic approaches
using discrete pulse-coupled oscillators to not only break the half-circle barrier, but also to meet with the minimal
resource and energy constraint in clock synchronization algorithms.
The novelty and significance of my contribution and my vision in the field of oscillator and clock synchronization
have been recognized by the National Science Foundation and was awarded by the NSF Grant DMS-2010035 in May
2020. Supported by NSF, I have already successfully mentored a group of REU students in summer 2020 on the project
“Machine learning approches to oscillator and clock synchronization”. The project involves generating a large database for the collective behavior of some models of discrete coupled oscillators on finite graphs, and applying machine
learning techniques to extract key features of the pair of network topology and initial configuration that guarantee
synchronization. Our data-driven machine learning approach has shed a new light in understanding complicated
behavior of coupled oscillators (e.g., Kuramoto model) on arbitrary graphs.
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3. P HASE TRANSITION IN CONTINGENCY TABLES WITH NON - UNIFORM MARGINS
Contingency tables are n × m matrices of nonnegative integer entries with prescribed row sums r = (a 1 , · · · , a m )
and columns sums c = (b 1 , · · · , b n ) called margins, where by M (r, c) we denote the set of all such tables. They are
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fundamental objects in statistics for studying dependence structure between
two or
𝑛 more variables, see e.g. [Eve92,
𝑛
FLL17, Kat14], and they also correspond to bipartite multi-graphs with given degrees and𝐵𝐶𝑛
play an important role in
⋮
combinatorics and graph theory, see e.g. [Bar09, DG95, DS98]. Counting
their number |M
(r, c)| and sampling an
𝑛
𝐵𝐶𝑛
element from M (r, c) uniformly at random are two fundamental problems concerning contingency
tables with many
𝐶𝑛
connections and applications to other fields [DG95, BLP20] (e.g., testing hypothesis on co-occurrence
of species in
𝐶𝑛
ecology [CS79]). A historic guiding principle to these problems is the𝑛 independent heuristic, which was introduced by
⋮
I. J. Good as far back as in 1950 [Goo50]. The heuristic states that the constraints for the rows and columns of the table
𝐶𝑛
are asymptotically independent as the size of the table grows to infinity. This yields a simple
yet surprisingly accurate
⋯
𝐶𝑛
𝐵𝐶𝑛 ⋯ 𝐵𝐶𝑛 𝐶𝑛 𝐶𝑛
formula that approximates the count |M (r, c)|. The independence heuristic and also implies the hypergeometric (or
Fisher-Yates) should approximate the uniform distribution on M (r, c).
𝐵 (1 + 𝐶)
Both of these implications of the independent heurisGeom 𝐶(𝐵 − 𝐵 )𝑛
Geom (𝐵 − 𝐵)(𝐵 + 𝐵 − 2)
𝑛
𝑛
tic has been verified when the margins are constant or
𝐵𝐶𝑛
Geom(𝐵𝐶)
Geom(𝐵 𝐶)
⋮
have bounded ratio close to one [CM10, GM08, BLSY10]. 𝑛
𝐵𝐶𝑛
𝑛→∞
𝐶𝑛
However, when the margins are far from being con𝐶𝑛
Geom(𝐶)
Geom(𝐶)
stant, Barvinok [Bar10] conjectured that there is a dras- 𝑛
⋮
tic difference between the uniform and hypergeomet𝐶𝑛
𝐵𝐶𝑛 𝐶𝑛 𝐶𝑛
𝐶𝑛
𝐵<𝐵
𝐵>𝐵
ric distribution on M (r, c), and Barvinok and Hartigan
[BH12] showed that the independent heuristic gives a Figure 6. (Left) Contingency table with parameters n, δ, B and C . First
bn δ c rows and columns have margins bC nc, the last n rows and columns
large undercounting of contingency tables. My work
have margins bBC nc. (Right) Limiting distributions of the entries in the
with Dittmer and Pak [DLP20] and Pak [LP20] provides uniform contingency table X in the subcritical B < B (left) and supercritc
the first complete answer to this puzzle; Contingency ta- ical B > B c (right) regimes for thick bezels 1/2 < δ < 1. Geom(λ) denotes
bles exhibit a sharp phase transition when the heterogen- geometric distribution with mean λ.
ity of margins exceeds a certain critical threshold.
In [DLP20], I have rigorously shown, for the first time, that there exists a sharp phase transition in the uniform
distribution on M (r, c) as the size of the table grow, when the margins assume two values BC and C and their ratio B
p
exceeds the critical ratio B c = 1 + 1 + 1/C . Namely, the hypergeometric distribution correctly estimates the uniform
distribution for B < B c , but does so drastically differently for B > B c (see Figure 6). Such a sharp phase transition gives
a probabilistic answer to the statistical question on why sampling a uniformly distributed contingency table is hard.
Moreover, our result settle Barvinok’s conjecture [Bar10] (except for a special case).
More recently in [LP20], I have established a similar phase transition result for contingency tables, this time in the
perspective of the counting problem. Roughly speaking, our result show that the rows and columns of contingency
tables are asymptotically independent (and hence the independence heuristic is correct) when the ratio B between
the two margins is strictly less than the critical threshold B c , but suddenly they become positively correlated as soon
as B exceeds B c and the independence heuristic gives exponential undercounting. This is quite surprising since the
independence heuristic does not “notice” the phase transition at B c and changes smoothly with B . Both of my result
show that the historic independent heuristic in 1950 captures the structure of contingency tables remarkably well
for near-homogeneous margins, but in general positive correlation between rows and columns may emerge and the
heuristic fails dramatically.
⋮

4. I NTERACTING PARTICLE SYSTEMS AND DISCRETE SPATIAL PROCESSES
Many important phenomena that we would like to understand − formation of public opinion, trending topics on
social networks, growth of stock market, development of cancer cells, outbreak of epidemics, and collective computation in distributed systems − are closely related to predicting large-scale behavior of systems of locally interacting
agents. Discrete spatial processes provide a simple framework for modeling such systems: A vertex coloring X t : V → Zκ
on a given graph G = (V, E ) updates in discrete or continuous time according to a fixed deterministic or random transition rule. In a typical setting in applied probability literature, one draws the initial coloring X 0 from some probability
measure and asks how the probability P(X t has property P ) behaves. The answer usually depends on details such as
topology of the underlying graph and parameters in the model.
In collaboration with many researchers in the field, I have addressed the above question for a number of models arising from different contexts: the firefly cellular automata (coupled oscillators), the cyclic cellular automata (BZ
checmial reaction), the Greenberg-Hastings model (neural network), the cyclic particle system (multicolor acyclic
voter model) [FL17], and lastly, the parking process and ballistic annihilation (annihilating particle systems) [DGJ+ 17].
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We studied the first model on the one-dimensional integer lattice Z by constructing integer-valued comparison processes on Z and using combinatorial correspondences [LS17b, LS17a]. We were able to used one of the main techniques to answer an open question on persistence of correlated partial sums [LS17a], which generalizes the classical
Sparre-Anderson’s theorem [And53] in 1953. In [GLS16], we have characterized the limiting behavior of the κ = 3
Cyclic Cellular automata and Greenberg-Hastings model on arbitrary graphs by constructing a similar comparison
process on the universal cover of the underlying graph. This was the first time that the long-term behavior of nontrivial dynamical systems are completely characterized on arbitrary underlying graphs. For the cyclic particle system,
we proved a conjecture of Bramson and Griffeath in 1989 that the 3- and 4-color system clusters on Z.
My recent contribution to this field concerns multitype annihilating particle systems, namely, ballistic annihilation, the parking process, and diffusion-limited annihilating systems. In [JL18], we have
obtained a complete phase transition picture in the asymmetric ballistic annihilation, where only some heuristic was available in the
physics literature [DRFP95]. On the other hand, we proposed and
Figure 7. Simulation of parking process with critical denstudied the parking process (where two types of particles perform
sity p = 0.5. Blue=cars and Red=spots. Time goes upwards.
random walks and annihilate each other) on a class of lattice-like
graphs (e.g., Cayley graphs) and obtained sharp phase transition in the long-time particle density [DGJ+ 17] and also
a stretched exponential decay in parking times [DLS20]. Extending some of our techniques we developed for the
parking process as well as using new techniques, we have answered a number open problems on particle densities
in diffusion-limited annihilating systems [JJLS20] (e.g., the Bramson-Lebowitz asymptotics [BL91] in the asymmetric
setting).
5. S OLITONS , BOX - BALL SYSTEMS , AND INTEGRABLE PROBABILITY
Integrable systems roughly refer to nonlinear systems where one can explicitly write down the solutions in terms
of a set of more elementary functions, just like we can superimpose solutions to linear differential equations. Understanding such systems can greatly advance our understanding on more general nonlinear dynamical systems, which
was highlighted by the 2014 Fields medal on the groundbreaking work of Hairer [Hai13] on the Kardar–Parisi–Zhang
(KPZ) equation that describes the evolution of the profile of a growing interface [KPZ86]. Another closely related integrable system is given by the Korteweg-de Veris (KdV) equation, which was proposed by Korteweg and de Veris in
1895 in order to model particle-like waves (solitons) on shallow water surfaces [New85, Woy06, MQR16]. It has been a
central topic in statistical and mathematical physics over the past seventy years [DJ06]. A line of my research program
considers a discrete counterpart of the KdV equation, known as the box-ball systems (BBS) [TS90, TTMS96]. They
are known to arise both from the quantum and classical integrable systems and enjoy deep connections to quantum
groups, crystal base theory, solvable lattice models, the Bethe ansatz, soliton equations, the KdV equation, tropical
geometry and so forth [FYO00, HHI+ 01, KOS+ 06, IKT12].
An important but notoriously difficult question for
KdV equations is the following: If the system is randomly
initialized, what is the limiting statistics of the solitons
emerging from the system, as the system size tends to infinity? My research on BBS aims to address this question
in the discrete setting of BBS, and it leads a body of work Figure 8. An example of 5-color Box-ball system evolution, which decomin the literature of randomized BBS [LLP17, CKST18, poses into solitons of non-decreasing lengths. The soliton statistic is also
determined by the associated invariant Young diagram on the right.
KL18, FG18, KL18, CS19a, CS19b, LLPS]. In 2017 with
Levine and Pike, we addressed this question for the basic 1-color BBS with i.i.d. initial configuration [LLP17]. This
work is considered as the foundational paper in the literature of randomized BBS and has cited by most papers in
the literature. In collaborations with Kuniba and Okado [KLO18, KL18], I have investigated the row lengths in the
multicolor BBS and obtained Schur polynomials representations of their scaling limit as well as their large deviations
principle. One of the contribution there is to merge two entirely different approach – large deviations and Markov
chains in probability and Thermodynamic Bethe Ansatz in statistical physics. Furthermore, with Lewis, Pylyavskyy,
and Sen [LLPS], I have obtained scaling limits of the columns lengths in multicolor BBS using a modified version of
Greene-Kleitman invariants for BBS and circular exclusion processes. I am continuing to investigate on this topic and
hope that we may get a better understanding on KdV from investigating its discrete counterpart of BBS.
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