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1. INTRODUCTION

A complex dynamical system is a network of dynamic components in which neighbor-
ing ones interact with each other. The interaction between components is often nonlin-
ear, from which fascinating large-scale behavior emerges that are not apparent directly
from the local dynamics and interactions. For instance, complete knowledge of how in-
dividual neurons in brain operate does not directly tell us how we perceive and think;
the microscale description of human genome means less when it comes to the gene’s
macroscale effect (e.g., phenotype). Hence the study of complex systems usually requires
a holistic approach based on the right choice of mathematical model which captures the
essential feature of the system, as well as ingenious ideas for its rigorous analysis.

In a general mathematical framework, a complex system can be described by specifying
three different kinds of data structure: how the components are connected to each other
(topology), what state they assume (state space), and how they evolve their states in time
(coupling). A fundamental question in the study of complex systems is the following: how
do these three constituents influence the emergent global dynamics? My previous research
is largely focused on answering this question, concerning discrete models for a particular
form of complex systems called excitable media.

 

FIGURE 1. (Left) Cyclic AMP wave patterns in slime molds (by L. Yang) and (Right) BZ
oscillator (by Abteilung Biophysik Lab)

An excitable medium is frequently observed in many systems in nature including neu-
ral networks, Belousov-Zhabotinsky chemical oscillator, blinking fireflies, and circadian
pacemaker cells. First formalized in a mathematical framework by Wiener [27] in the 40’s,
excitable media are characterized by local tendency toward synchronization. As a single
raindrop in a pond generates large concentric waves, a single local change in excitable
medium often leads to large-scale waves which propagate across network and intertwine
to generate more complicate patterns. This is in fact how slime molds self-organize by
propagating cyclic AMP waves [2]. An important subclass of excitable media are sys-
tems of coupled oscillators. They have been the main subject in nonlinear dynamical sys-
tems literature for decades [24], and have found numerous applications in many areas
including robotic vehicle networks [22], electric power networks [5], and more recently,
distributed control of wireless sensor networks [23].
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2. A DISCRETE POINT OF VIEW: GENERALIZED CELLULAR AUTOMATA

Paradigmatic models for coupled oscillators, namely the Kuramoto’s and Perskin’s mod-
els, assume infinite state space for each node and continuous-time evolution of an initial
assignment of states to each node (configuration). Such models are described by a sys-
tem of partial differential equations, which is often very hard to solve if the underlying
network does not have a particular structure, such as all-to-all connection. Instead, we
take an alternative approach to discretize both the state space and coupling. This means
that now each node takes one of a fixed finite number of available states (colors), and at
each time step in parallel, each oscillator looks around its neighbors and updates its own
color according to the local information. This type of discrete dynamical systems defined
on general networks is called generalized cellular automaton (GCA). Such discrete mod-
els can exhibit striking spatio-temporal patterns in spite of their simplicity [15], and are
gaining growing interest as an alternative paradigm for modeling complex systems [3],
[12]. However, there are a few GCA models which have been studied rigorously in mathe-
matics, and in fact, GCAs have not been a popular choice of framework to study coupled
oscillators, until recently.
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FIGURE 2. Two examples of synchronizing 6-color FCA trajectories are shown in (a) and
(b). In (c) and (d), the last configurations are symmetric to the initial ones, so the networks
do not synchronize.

2.1. The firefly cellular automata. In my first paper [17], published in a leading journal
for nonlinear dynamical systems, I have introduced a class of novel GCA models for cou-
pled oscillators, which we call the κ-color firefly cellular automata (FCAs), where the pa-
rameter κ is the number of available colors for nodes. This work has drawn attentions
of leading scholars in the field, which led to collaborations in other directions [16]. In
a recent follow-up paper [19], by using a discrete reformulation of a well-known tech-
nique developed for continuous models combined with automata theory in theoretical
computer science, I have established a curious phase transition behavior of FCA on finite
trees with respect to the parameter κ.

A remaining question which I will pursue in my future research is to characterize key
topological features of underlying network which are responsible for the emergence of
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global synchronization from arbitrary initial configuration. This has long been a funda-
mental question in the literature of coupled oscillators, and answering this question for
FCA could provide a deeper insight toward understanding emergent properties of many
other complex systems.

3. A PROBABILISTIC POINT OF VIEW: ONE-DIMENSIONAL CA AND RANDOM WALKS

3.1. FCA in one-dimension and random walk with correlated increments. In a joint
work [20] with my advisor, David Sivakoff, we have discovered an interesting connection
of FCA to a whole body of works in the field of applied probability theory, concerning two
other important GCA models for excitable media. The Greenberg-Hastings model (GHM)
was introduced by Greenberg and Hastings [11] in the 70’s to capture the phenomenolog-
ical essence of neural networks in a discrete setting. Cyclic cellular automata (CCA) was
invented by Bramson and Griffeath [1] in the 80’s as discrete analogues of the cyclic parti-
cle systems, which arises in statistical physics as well as Belousov-Zhabotinsky chemical
oscillator [28].

 

FIGURE 3. Simulation of 3-color CCA (top), GHM (middle), and FCA (bottom) on a path
of 400 nodes for 50 iterations. The top rows are a random 3-color initial coloring, and
a single iteration of the corresponding transition map generates the rows below. Dark
blue=0, blue=1, and light blue=2.

In the 90’s these models were considered in a probabilistic aspect, by taking the one
dimensional infinite array as the underlying network and initializing the dynamics from
a randomly chosen configuration. Due to the restricted dimensionality, waves of fluctu-
ation can be interpreted as system of moving particles which annihilate upon collision.
This embedded particle system is closely related to a classical object in probability theory,
called random walk, which is a sum of independent random increments. First discovered
by Fisch [7], [8] for CCA, this connection was exploited by Durrett and Steif [6], Fisch and
Graver [9] to GHM in a similar setting (See Figure 3).

We have studied the FCA on the one-dimensional space in the similar probabilistic set-
ting, and discovered that it also shares similar embedded particle system structure, but
with an interesting tweak that the particles may flip their directions in the first few iter-
ations and they may have non-constant speeds (See Figure 4). In this case known tech-
niques using random walks do not directly apply. We overcome this difficulty by a new
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perspective, which allowed us to prove that in the system of κ-state oscillators on an in-
finite array, the waves of fluctuation become less and less frequent, making it more and
more likely to see long synchronized intervals with probability approaching to 1 (see Fig-
ure 4). This is in parallel with the CCA and GHM. Moreover, our new approach led us to
generalize a celebrated result in probability concerning survival of random walks into the
case where the increments are correlated [21].

 

 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 1

0 0 2 2 2 2

0 0 0 2 2 2 2

1 1 1 1

1 1 1

0 0 0 0 2 2 2 2

0

1

2

32

1

2

3

02

2

3

0

1 

1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

9 

1 
2 
3 
4 
5 
6 
7 
8 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

0 

2 

1 

0 

50 

100 

150 

50 

0 

70 

FIGURE 4. Simulation of 20-color FCA on a path of 400 nodes for 150×20. The top rows
are a random 20-color initial coloring, and 20 iterations generates the next row, from top
to bottom.

3.2. A random soliton cellular automaton. In collaboration with Lionell Levine and John
Pike, I have also worked on another one-dimensional (filter type) cellular automaton called
the soliton cellular automaton. First introduced by Takahashi and Satsuma [26] in 1990,
it is a discrete model for interacting solitary waves in physics literature. In [16], we have
developed a novel perspective on this system and characterized its long-term behavior
through new connections with various random objects. One of our main results is that
the system undergoes a phase transition in lengths of top solitons with respect to a den-
sity parameter.

4. COMPLEX SYSTEMS ON GENERAL TOPOLOGY

Though it was successful in studying many one-dimensional CA, a similar approach
using annihilating particle systems and random walks does not easily carry over to general
network topologies; waves of fluctuation may feedback on themselves and generate self-
sustaining spiral waves, and such large-scale waves could interact in complicated ways.

FIGURE 5. A snapshot of 16-color CCA on two-dimensional square lattice. (Image credit:
David Griffeath)
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4.1. 3-color CCA and GHM on arbitrary topology. To overcome this limitation of current
technique, in a joint work with Gravner and Sivakoff [10], we have developed a new tech-
nique which we call the tournament expansion. It is to construct an easier process on a
larger network that is related to the original network, from which one can deduce proper-
ties of the original process. This idea was inspired by a famous consensus algorithm from
theoretical computer science by Lamport [14] from the 70’s. This allowed us to charac-
terize macroscale behavior of 3-color GHM and CCA on arbitrary topology. For instance,
on infinite binary trees, our result shows that waves of fluctuation do not become sparse
in time as in the one-dimensional case, and every node gets fluctuated regularly by those
waves. To my knowledge, this is the first time that a non-trivial GCA whose global dynam-
ics has been completely characterized on general topology.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIGURE 6. (Top row) Snapshots of 3-color CCA on a uniform spanning tree of a 100 by 100
torus, each 100 iterations from left to right. (Second row) Dynamics after 12 random edges
are added to the spanning tree. Orange =0, green=1, and yellow=2. Corresponding sim-
ulations for 3-color GHM are shown in the third and fourth rows. Dark blue=0, yellow=1,
and red=2.
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4.2. Open problem: clustering of the 4-color FCA on square lattices. In two or more di-
mensions, both CCA and GHM show spontaneous emergence of spiral waves by which all
sites fluctuates periodically for any available number of colors for each site, just like the
biological or chemical excitable media shown in Figure 1. This behavior is shared in FCA
for all but one case: the 4-color FCA shows mysterious clustering behavior in all higher di-
mensional square lattices (see Figure 2). This eccentric behavior of FCA in higher dimen-
sions has been met by surprise from leading researchers after I presented my findings in
probability seminars at Cornell and Indiana university. I am developing new perspectives
and theories to understand this unusual discovery.

FIGURE 7. Snapshots of 4-color FCA on honeycomb lattice (top), 4-color FCA on sqaure
lattice (middle), and 5-color FCA on sqaure lattice (bottom).

5. AN ALGORITHMIC POINT OF VIEW: CLOCK SYNCHRONIZATION

Wireless sensor networks are distributed networks of microsensors, dedicated to ob-
serve various large-scale phenomena. Local information collected from each sensor are to
be fused to assemble global picture of the environment, which is possible only if a shared
notion of time across the network has been established. Algorithms that synchronize lo-
cal clocks in a sensor network and achieve this global time frame is called clock synchro-
nization algorithm [25], which is an example of real-world applications of our theoretical
understanding of coupled oscillators.
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FIGURE 8. A distributed network of local clocks
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Clock synchronization algorithms, especially for wireless sensor networks, have to posses
some critical properties which most classical algorithms developed for wired sensor net-
works lack. (1) Since sensors are not aware of global information such as the total number
of sensors or the topology of network, such algorithm should be solely based on local
communications; (2) Since each sensor has limited amount of memory and energy, the
algorithm must be simple and efficient; (3) Yet, since hundreds of thousands of such sen-
sors can be displaced in an ad-hoc manner, the algorithm should be scalable. While it
seems almost contradictory to satisfy the three criteria simultaneously, we know at least
one example in nature: the fireflies. And we have developed a theory for them: the FCA.

However, there is a fundamental limitation of FCA to serve as a clock synchronization
algorithm. It assumes that every node in the network update simultaneously at each step,
which requires a priori notion of synchronization. How could the sensors update their
local time synchronously before synchronization? In [18], I have addressed this question
by an asynchronous extension of FCA, which features additional GHM-type dynamics to
overcome another limitation of FCA. This led to a general clock synchronization algorithm
with all three properties above. Moreover, my algorithm synchronizes local clocks on any
connected topology in completely arbitrary initial configuration in a linear time in the size
of network.

6. ONGOING AND FUTURE PROJECTS

6.1. Combinatorial profiles of networks. In collaboration with David Sivakoff and an ex-
pert in topological and geometrical data analysis, Facundo Memoli, I am developing a
novel framework for analyzing hierarchical structures of large complex networks. An es-
sential idea is that for a given network (e.g., a node and edge weighted graph), we con-
struct its filtration with respect to a resolution parameter and then apply combinatorial or
probabilistic functors to construct profiles of the network, which encode its structural in-
formation. Our approach streamlines and generalizes the method of persistent homology
in topological data analysis, and has shown promising results and let us to new insights.
This project will be accompanied with applications to real world data coming from social
networks, epidemiology, and food web, for instance.

6.2. Cellular automata and cortical learning alrogithm. The cortex is a massively paral-
lel complex system which is able to learn and predict temporal patterns. In a future re-
search project, I will develop a cellular automata based model for the cortex. Main ideas
were inspired by Jeff Hawkins’ book [13] and Numenta’s Hierarchical Temporal Memory
[4]. The cortex is represented as a stack of ‘layers’, where each layer is a rectangular slab of
‘cells’. The bottom layer is exposed to a stream of input data, and higher layers get input
stream from layers right below. In each layer, each cell is connected to cells within certain
radius. A proper update rule of the cells should be chosen so that (1) only about 2% of all
columns are active at any given time, forming a sparse distributed representation of the
input stream; and (2) each cell guesses the set of its active neighbors at next time iteration,
and this prediction is compared with the actual active neighbors from the stream and the
error must converge to zero. Each layer learns from the layer below in the same way, so
the top layer represents most abstract and high-level modeling of the input stream.



8

A possible way to design such local update rule as well as various parameters is to adapt
genetic algorithm. Namely, performance of each local rule may be evaluated by mea-
suring how fast and correct the system learns a set of test functions of periodic data. A
successful algorithm can easily be turned into a novel architecture for parallel chip de-
sign, which is scalable due to the cellular automaton construction. Such chip could be
used to constantly learn and build models from sequential data, so it would be useful for
industrial applications including anomaly detection, speach recognition, and market pre-
diction. Lastly, this project could give us a better understanding of how we perceive, learn,
and think. For instance, what would happen if the top layer could feed back on the bottom
layer? Isn’t that how we make analogies from analogies and abstract from abstraction?
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